Abstract
Introduction
The dynamics of basaltic volcanic eruptions involve the ascent of magma from a deep subsurface reservoir along a conduit or dike to the surface (e.g., Wilson and Head 1981 [1] ). Typical ascent rates have been estimated on the order of 1-10 m/s from evidence of surface activity and simplified models in which the conduit geometry is imposed [1] .
The style of surface activity has been largely associated with bubble-magma interactions and the volatile content of the magma, with volatile-poor magmas producing lava flows and gas-rich magmas leading to more explosive fire-fountaining activity [2] .
Less is understood, however, about the evolution of the conduit geometry during an eruption or its influence on the eruption rate. Lister [3, 4] and Lister and Kerr [5] have modeled the ascent of dikes through the crust toward the surface. These models explicitly account for the elastic properties of the crust as well as the flow dynamics of the advancing dike. Such models generally indicate that far behind the tip of the dike, elastic stresses in the crust impose a lateral stress on the dike that is proportional to the lateral deformation of the dike, provided the width and lateral extent of the dike is small compared to its vertical extent. Pinel and Jaupart [6] explored the interaction of stresses associated with a volcanic edifice on the ascent of magma in a dike. Their work illustrates that an eruption may terminate if the edifice becomes sufficiently large so that the associated stress field arrests the vertical ascent of the dike.
The current work was undertaken to improve understanding of how elastic deformation of the wall rock may influence magma flow rates during a maintained eruption through the crust including the effects of an ambient stress field.
We draw from some of the earlier studies mentioned above to explore the controls on eruption rate through a thin, laterally extensive dike that has broken through to the surface. As a simplification, following Pinel and Jaupart [6] , we work with a twodimensional model. We assume the dike to be vertical, and that it is aligned normal to the direction of minimum principal horizontal stress in the crust. We also assume that the width of the dike evolves gradually with depth, so the dominant stress controlling the width is horizontal and proportional to the difference between the magma pressure and the minimum principal stress. Using these assumptions, we build a model of magma flow which illustrates how the dike width varies with depth. We identify the conditions in the magma chamber required for the dike to open and describe some steady flow solutions. We then develop solutions to the model for volatile saturated magma. This leads to calculations of the eruption rate per unit length of the dike, and of the dike width in terms of the overpressure in the dike just above the source reservoir, the magma volatile content, and the ratio of minimum to maximum principal stress in the crust.
Model of Magma Flow Through an Elastic-Walled Dike
We model the averaged vertical flow along an elastic-walled dike of width, b(z), with vertical coordinate, z, which extends from a source reservoir of pressure, p c , equal to the lithostatic pressure plus an overpressure, ∆p, to the surface (Figure 1 ). In this section we consider a volatile poor magma, with viscosity, µ =100 Pa s and density, ρ = 2500 kg/m 3 , so that for a dike width, b, of 1 m and a speed, u, of 1 m/s, the Reynolds number of the flow remains small, Re = ρbu/µ ~ 25. The magma flow speed is then given to good approximation by the balance of the viscous stresses with the pressure gradient in the magma and the gravitational force
Here gravity is assumed to be directed vertically downward. In section 3, we generalize this model to allow for the inertia of the flow which can become important near the surface, especially with compressible magma.
Far below the surface, the width of the dike is assumed to be related to the difference between the pressure of the magma, p, and the least principal stress in the country rock of density, ρ c . As a simplified model, this least principal stress is taken to be a fraction, β, of the lithostatic pressure, which typically corresponds to the greatest principal stress.
The least principal stress is assumed to be horizontal so that the dike opens in a plane normal to this direction, and so according to the model has width
The constant of proportionality, λ, is related to the lateral extent of the dike, a, as a (1-v) /G where v is Poisson's ratio and G is the modulus of rigidity [3, 4, 6] . In equation 2, z denotes the upward distance, with z = 0 being the surface and z = −H being the location of the subsurface reservoir. Later in the work, we explore the effect of different values of β, but, as a default, take the value β = 0.95 to model flow in the upper 10km below the surface; this corresponds to a difference between the minimum and maximum principle stresses of about 12.5 MPa at a depth of 10km, which is comparable to the strength of the crust.
Equation 2 is only a good approximation for the deformation in the dike at distances sufficiently far from the reservoir that the influence of deformation associated with the reservoir becomes secondary. Therefore, in the model, the effective overpressure driving the eruption, ∆p, corresponds to a reference point above the actual reservoir where the dike becomes an essentially two-dimensional structure. Also, near the surface, the pressure gradient in the magma may become relatively large as the conduit narrows and viscous stresses increase. As this occurs, equation (2) predicts that the width of the dike decreases ever more rapidly with height. However, owing to the threedimensional elastic stresses, the rate of change of the dike width, b, with depth is limited by a value of order b/L, where L is the lateral extent of the dike. As a simplified linear model of this constraint, we impose that if the rate of change of dike width with height predicted by equation (2) 
If we integrate this equation from the chamber to the surface, and assume that |db/dz|< b/L all the way to the surface, and that b=0 at the surface, then this relationship, together with equation (2) requires that
This implies that the dike remains open all the way to the surface only if p(-H)>p m where p m is the magmastatic pressure at depth H below the surface; this is a critical inequality which needs to be satisfied in order to drive a flow. In turn this requires either buoyant magma or an overpressured chamber.
In the case of flow, we introduce an equation for conservation of mass of the magma.
For one-dimensional flow in a dike of width, b, this requires that
If we combine equations 4 and 7 with an expression for density as a function of pressure, we obtain an evolution equation for the width of the dike subject to low Reynolds number flow, in the elastic zone. With magma of constant density, this simplifies to the form
This result is analogous to equation 4.7 of Pinel and Jaupart [6] , except that the difference between the lithostatic stress and the minimum horizontal stress leads to the factor, β, in the second term on the righthand side.
In the remainder of this paper, we develop the model to include the effect of inertia in the flow and then calculate steady-state magma flow rates as a function of the chamber pressure.
Incompressible Magma
In general, since the dike tends to narrow near the surface, the flow speed will increase, and so the effects of inertia and turbulent wall drag may become important in the 
In the case of incompressible magma, equation 10 reduces to the simpler form 
In the near surface region, z> -z c , where the deformation of the dike is limited by the lateral elastic stresses, the dike width decreases according to equation (3) . Combining this with equation (9), we find that in this region, the motion is governed by the relation Q dz dp c ρ ρ
When we solve equation (11) we find that the pressure decreases from the chamber pressure towards atmospheric. Under typical conditions, we find that near the surface, as the dike becomes progressively more narrow, the pressure gradient increases, and hence the rate of narrowing of the dike also increases. For typical parameters, we find that eventually db/dz=-b/L. Above this point, in our model, there is a transition to the near surface zone model, as controlled by equation (12) .
For such incompressible flow, the flow rate is determined by the requirement that, at the surface, the pressure adjusts to atmospheric. Note, that with typical parameter values, the transition to the near surface zone (z = -z c ) occurs while the term in brackets on the left-hand side of eqn (11) is still positive, and the magmatic flow speed u is still smaller than the speed of elastic waves along the dike, u c , given by
For example, for typical parameters, b = 1m, λ = 10 -7 the speed u c ≈ 50 m/s is larger than the eruption speed of volatile poor magmas, u ~ 1-10 m/s. Equivalently, in order that the flow remains sub-critical, u < u c , while governed by the elastic dike equation (11), then with a magma flow rate Q per unit length, condition (13) requires that the width of the dike b(z) remains larger than the value b * given by
With Q=1, b * = 0.001m, which is unrealistically narrow, and so we expect a transition from the elastic dike flow governed by equation (11) to the near surface zone where the motion is controlled by equation (12) , while the flow remains sub-critical .
We now present a series of calculations of the flow rate and conduit shape in figures 2-5, illustrating the effect of elastic conduit walls on the eruption of incompressible magma. In figure 2 , we show the shape of the dike as a function of height above the chamber for three different flow rates, as marked on the graph. In each case, the dike undergoes a significant narrowing in the upper 500 m, and there is a transition to the near surface zone model (eqn 3, 12) in the upper 40-50 m of the dike. At the surface, the dike remains of order 0.25-1.0m wide. In figure 3 , we illustrate how the eruption rate varies with the effective compressibility of the crust, λ. For a given dike width at depth, the eruption rate increases rapidly as λ decreases. As λ decreases, the overpressure required to open up a dike of a given width is greater. Therefore, for a given dike width at depth, the greater overpressure associated with smaller values of λ, lead to a greater flow rate. Figure 3b illustrates that for a given dike width at depth, then at the surface, the dike width remains larger for smaller values of λ, again since the overpressure at depth is greater for smaller λ
As the degree of anisotropy of the crust increases, corresponding to a decrease in β from 0.95 to 0.85, then the flow rate decreases for a given width of dike above the chamber ( figure 4 ). This is because the minimum principle stress decreases as β decreases, and hence the magmatic pressure required to open the dike decreases.
As a result, there is less overpressure available to drive the magma to the surface. One of the other key parameters which controls the eruption rate is the magma viscosity, and Figure 5 illustrates that as expected, with incompressible magma, the flow rate decreases substantially with viscosity, for a given dike width and hence pressure at depth. Note that we have tested the sensitivity of these predictions to the details of the near surface model by varying the value of L in equation 3. We find that the predictions of the overall flow rate are relatively insensitive to changes in the value of L and hence the detailed parameterisation of the near surface zone model (eqn 3).
Effects of Compressibility in the Flow
In general, magma tends to exsolve volatiles as it approaches the surface, and therefore it expands and accelerates upward. In many models of magma flow which assume a perfectly rigid conduit, the flow speed tends to increase until it matches the speed of propagation of pressure waves and becomes choked. Typically such a transition occurs at the surface vent, leading the eruption of an overpressured mixture moving at the speed of sound (cf. Wilson and Head, 1981 ). Here we generalize this result to account for an elastically deformable dike.
To model the effects of compressibility in a magma of density, ρ m , we include an equation for the bulk density of the gas-magma mixture [1]
The saturation law for the mass fraction of exsolved gas, n, that for basaltic magma, may be approximated by the simple law [9] , ) (
where s = 3 x 10 -6 Pa -1/2 and n o is the total volatile content of the magma. The general relation for the rate of change in dike width with depth, in the main elastic zone of the dike, takes the form (cf. eqn 10) 
Inserting the relationship between density and pressure given by combining equations 15, 16 and 17, we then obtain the equation where ρ m denotes the density of the liquid magma, and all variables in equation 18 are either constant or may be expressed in terms of b and z. Equation 18 assumes that gas bubbles move with the magma and neglects the effects of slip between the phases. This is a simplification, but it becomes increasingly accurate with more viscous magmas, smaller bubbles, or higher flow rates [6, 10] . As in section 3, we have used equation (2) to relate the width of the dike to the difference between the pressure in the magma and the minimum principal stress in the crust. The model applies except in the near surface zone where the rate of change of the dike width with height, db/dz, is limited by the lateral elastic stresses (section 2, eqn 3). Using equation (3), we find that in the near surface zone, the pressure evolves according to the modified relation Q dz dp dp
We now solve the system to determine the maximum flow rate for a given magma pressure at depth, corresponding to a point just above the chamber. We constrain the By solving equations (18) in the main elastic region and eqn (19) in the near surface zone, we can find a relation between the maximum flow rate, Q; the dike width, b(z); and the overpressure of the magma at the reference depth, −H. In our calculations we find that for a given overpressure and hence dike width just above the chamber, the maximum flow rate is the one for which the flow is choked at the vent and for which the pressure has just decreased to atmospheric pressure at the vent.
In figure 6 , we present a series of calculations which illustrate how the flow rate varies as a function of the overpressure in the dike just above the reservoir. Three curves (dashed lines) are given corresponding to three different values of the gas mass fraction of the magma (0.04, 0.025, 0.01). In the figure, we also show how the width of the dike just above the chamber increases as it is exposed to progressively greater overpressures (solid lines). In these calculations, for illustration, the reservoir is taken to be 10 km below the surface, the magma has viscosity 100 Pa s, and we assume that the ratio of minimum to maximum principle stress β has value 0.95. The figure shows how the eruption rate increases rapidly with the overpressure at depth. The flow rate also increases with gas content. This is because the magma becomes more buoyant with a larger gas content, and hence it is able to drive a greater flow. However, in the present calculations this is a somewhat secondary effect compared to changes in the overpressure at depth, owing to the close coupling between dike width and overpressure.
In figure 7 , we present two numerical calculations of specific dike flows to illustrate how (i) the width of the dike (solid line, fig 7a) , (ii) the exsolved gas content (dashed line, fig   7a) ; (iii) the magmatic pressure varies relative to the lithostatic pressure and minimum principle stress (fig 7b) , and (iv) the void fraction in the mixture (fig 7b) ; vary as a function of depth. The calculations correspond to the cases in which the dike has a width of (a) 2m and (b) 3m directly above the chamber. As the magma ascends from the chamber, the pressure decreases at a rate comparable to but a little faster than lithostatic, and so the dike width gradually decreases. Also, as the pressure falls, progressively more volatiles are exsolved from the magma, leading to an increase in speed and decrease in density of the magma-volatile mixture. For each flow rate, in the region far below the surface, the dike closes fairly steadily with height. Near the surface, however, the dike begins to close more rapidly, leading to an increase in the viscous dissipation, and eventually, the rate of decrease of dike width becomes limited by the lateral elastic stress as described by eqn 3. As mentioned above, numerical calculation identifies that the maximum flow rate is achieved with that flow for which the magmavolatile mixture is just choked at the vent, in that the mixture reaches the speed of sound of the mixture, while the pressure just falls to atmospheric pressure at the vent.
We find that much of the magmatic overpressure is dissipated in the upper kilometer or so of the dike, where the dike becomes much narrower and the viscous stresses dominate the evolution of the pressure.
In the calculations presented above, we assumed that β = 0.95 and λ = 10 -7 m/Pa.
These are important parameters, because β controls the difference between the minimum and maximum principal stresses and, hence, has a strong influence on the effective overpressure of the magma that drives open the dike. The parameter λ = (1-ν)a/G controls the elastic deformation of the crust and, hence, the dike aperture as a function of the overpressure relative to the minimum principle stress. We now examine the sensitivity of the results to these parameters (figures 8 and 9). In these calculations, we approximate the density in the crust and the basalt to have value 2500 kg/m 3 . In figure 8 , we also assume that the ratio of minimum to maximum principal stress, β, has a value 0.95 in the upper 10 km, typical for example of the Kamchatka volcanic arc [12] . This leads to a difference between the minimum and maximum principle stress of about 12 MPa at a depth of 10km.
In figure 8 , we illustrate the variation of flow rate with overpressure just above the chamber for three values of the effective compressibility of the country rock. Curves are given for the values λ = 0.3, 1.0 and 3.0 x 10 -7 mPa -1 . In the case of the larger value of λ, there is more elastic deformation for a given overpressure, hence there is less viscous resistance and in turn a greater flow rate. In figure 9 , we illustrate how the degree of anisotropy of the crust and also the depth of the chamber have a key impact on the model predictions. As the crust becomes more anisotropic (smaller β), then the dike width is larger for a given magma pressure at depth. As a result, there is less resistance to flow and a greatly enhanced eruption rate. Figure 9 also illustrates that for a given chamber overpressure, the shallower the chamber, the greater the eruption rate (compare the calculations for a 5km and 10km deep chamber). This is because if there is a smaller vertical distance across which to dissipate the overpressure then a larger flow rate is required.
If bubbles nucleate with sizes on the order of 10 bubbles, for which slip effects may be more significant [10] . A more detailed flow model accounting for these effects could be developed from the present work, although we expect this to have a rather limited impact because the exsolution of volatiles only occurs in the upper few hundred meters of magma ascent.
Time-scales for transients and steady-state
When a dike reaches the surface, the velocity within the dike may be different from the Over longer times, we expect the flow will remain in steady state, whereas for shorter times, the flow will adjust from a breakthrough regime that may involve a different flow rate.
Summary
In this work, we have developed a simplified two-dimensional model to account for the motion of magma in an elastic-walled dike. The model is able to calculate the width of the dike as a function of depth in the crust and magma flow rate per unit length as a function of overpressure at the base of the dike, and constrains the magmatic pressure to be in excess of the minimum principle stress. The model illustrates how in steady flow, the dike gradually closes toward the surface. The key feature of the model is that the dominant local balance for flow is between the fluid pressure and the horizontal stress in the dike walls. Because the horizontal stress is typically only a fraction of the lithostatic stress due to regional tectonics or the structure of the crust, the model illustrates how magma is able to rise once a dike has dilated. The model predicts that, at the surface, the speed of the magma-gas mixture rising through an elastic-walled dike has increased to equal the speed of sound of the bubbly mixture, while the pressure falls to atmospheric pressure.
The model predicts magma eruption rates on the order of 0.1-10.0 m 2 /s per unit length from a deep reservoir with overpressures of order +20 MPa (e.g., figure 4 ,7) . Coupling the elastic deformation of the dike with the source overpressure leads to the prediction of large changes in eruption rate with source overpressure.
Our model calculates that as magma rises at speeds on the order of 0.1-10 m/s, the dike width should decrease from approximately 2-3 m in the deep crust to narrower dikes, about 0.5-1.0m wide at the surface (e.g. fig 7b) . We note, however, that the detailed structure near the surface may depend on the local rock properties and is beyond the scope of the simplifiied model in this work.
The model illustrates that, for a deep reservoir, key controls on the eruption rate and style are the magma volatile content, ratio of the minimum-to-maximum principal stresses in the crust, and overpressure of the magma reservoir at depth. In a deep reservoir with pressure equal to lithostatic pressure, the eruption rate increases with volatile content but decreases as the ratio of the minimum-to-maximum principal stress in the rock increases. In these calculations, the gas mass fraction in the magma is 0.04, and the chamber is assumed to be 10km below the surface. 
